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Fulsche and Galke (2023), Werner (1984)

ρpxqρpyq “ mpx , yqρpx ` yq

Schlather (2024)

exppi vxwq exppi vywq “ exppixx , yyq exppi vx ` ywq

pG ,`q: locally compact abelian group
ρ : G Ñ UpHq, UpHq a unitary group of a complex Hilbert space
m : G ˆ G ÞÑ tz P C : |z | “ 1u

pG ,`q: semigroup
v¨w : G Ñ r0,8q

x¨, ¨y : G ˆ G Ñ R
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Linearity of multiplier/scalar product

Fulsche and Galke (2023), Werner (1984)

mpx ` y , zqmpx , yq “ mpx , y ` zqmpy , zq

Schlather (2024)

exppixx ` y , zyq exppixx , yyq “ exppixx , y ` zyq exppixy , zyq

pG ,`q: locally compact abelian group
ρ : G Ñ UpHq, UpHq a unitary group of a complex Hilbert space
m : G ˆ G ÞÑ tz P C : |z | “ 1u

pG ,`q: semigroup
v¨w : G Ñ r0,8q

x¨, ¨y : G ˆ G Ñ R
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Key quantities

Schlather (2024)

exppi vxwq exppi vywq “ exppixx , yyq exppi vx ` ywq

vxw ` vyw “ xx , yy ` vx ` yw

1 Entropy quite similar to a norm

2 Entropies to construct scalar products

3 Examples of entropy: Shannon entropy, VarpX q, }x}2,
probability measures
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Semigroup pG ,`q

Entropy

v.w : G Ñ r0,8q, continuous
G0: set of deterministic systems, i.e. vεw “ 0 ε P G , G0 ‰ H

Concatenation ˝ (joining as if they were independent)

vξ ˝ ηw :“ vξw ` vηw ξ, η P G

Addition ` (joining as they are)

We require: vξ ` εw “ vε ` ξw “ vξw ξ P G , ε P G0
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Semi-metric

Motivating example:

VarpX ´ Y q “ ´VarpX ` Y q ` 2pVarX ` VarY q

“ ´VarpX ` Y q ` 2VarpX ˝ Y q

Require: ρpξ, εq “ vξw ξ P G , ε P G0

Semi-metric

ρpξ, νq :“ ρapξ, νq “ a vξ ` νw ` p1 ´ aq vξ ˝ νw ξ, ν P G , a P Ξ
Ξ :“ ta P R : ρapξ, νq ě 0 ξ, ν P Gu Ą r0, 1s

Comparison to metric

ρpξ, ηq “ ρpη, ξq iff vξ ` ηw “ vη ` ξw

Carmen Ditscheid joint work with Martin SchlatherScalar products on semi-vector spaces 7 / 27



Entropy: independent & dependent systems
Transformation of systems: scale invariance

References

Semi-scalar product

Geometric motivation: two elements are orthogonal, if the
Pythagorean theorem holds, i.e. vξ ` ηw “ vξ ˝ ηw

Semi-scalar product: deviation from Pythagorean theorem

xξ, ηy :“ xξ, ηyb “ bpvξ ` ηw ´ vξ ˝ ηwq ξ, η P G
b P Rzt0u s.t. xξ, ξyb ě 0 ξ P G

Comparison to scalar product

For ξ, ν, η P G , ε P G0:

xξ, ηy “ xη, ξy iff vξ ` ηw “ vη ` ξw

xε, εy “ 0

xξ ` η, νy ` xξ, ηy “ xξ, η ` νy ` xη, νy

Recall: mpx ` y , zqmpx , yq “ mpx , y ` zqmpy , zq,m : Ξ ˆ Ξ ÞÑ S1
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Entropy induces scalar product

Construction of Hilbert spaces

x¨, ¨y ñ }x}2 :“ xx , xy

Entropy ñ Semi-scalar product

xξ, ηy “ bpvξ ` ηw ´ vξ ˝ ηwq ξ, η P G

Entropy ñ Semi-metric

ρpξ, νq “ a vξ ` νw ` p1 ´ aq vξ ˝ νw ξ, ν P G , a P Ξ
Ξ “ ta P R : ρapξ, νq ě 0 ξ, ν P Gu
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real-valued pre-Hilbert space pH, x¨, ¨yHq

vxw :“ }x}2:

xx , yy “
}x ` y}2 ´ p}x}2 ` }y}2q

2

i.e. xx , yy “ xx , yyH

ρpx , yq “ ´}x ` y}2 ` 2p}x}2 ` }y}2q

i.e. ρpx , yq “ }x ´ y}2

Square-integrable random variables: Variance

Assume EX “ 0,X P H. vX w “ VarX .

CovpX ,Y q “
VarpX ` Y q ´ pVarX ` VarY q

2
VarpX ´ Y q “ ´VarpX ` Y q ` 2pVarX ` VarY q
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Shannon entropy

α : finite alphabet, transmitted letter X „ pX given by px , x P α.

vX w “ ´
ÿ

x

px log px

word of length 2: assume independent letters
ñ concatenation semigroup pG , ˝q

second letter Y „ pY

vX ˝ Y w :“ ´
ÿ

x

ÿ

y

ppxpy q logppxpy q

“ vX w ` vY w
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X ,Y dependent

X ,Y with discrete, joint probability density pXY
pX , pY : margins of joint probability density
v¨w = Shannon entropy

X ` Y :“ Z , Z „ pXY

xX ,Y y “ ´ vZw ` vX w ` vY w

ρpX ,Y q “ 2 vZw ´ pvX w ` vY wq

xX ,Y y “ I pX ,Y q ’mutual information’
ρ is an ordinary metric: ’variation of information’ (Meilă, 2007)

I pX ,Y q ě 0 : simultaneously semi-metric and semi-scalar product
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Lebesgue measure

G :“ tcompact sets in Rdu

` :“ Y

vAw :“ λpAq

xA,By “ ´ vA Y Bw ` pvAw ` vBwq

“ vA X Bw

ρpA,Bq “ 2 vA Y Bw ´ pvAw ` vBwq

“ vA Y Bw ´ vA X Bw

“ vA∆Bw
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Transformation of systems

Now: G set of transformations/ family that is stable under some
kind of transformation

Motivating example: Gaussian random variables
Until now: X ` Y
Now: λX

G “ tX „ N p0, σ2q : σ P R`
0 u

“ tσX1 : σ P R`
0 ,X1 „ N p0, 1qu

ñ identify G with R`
0

Modelling perfectly dependent Gaussian random variables:

` : pσ1, σ2q ÞÑ Varpσ1X1 ` σ2X1q “ Varppσ1 ` σ2qX1q

“ pσ1 ` σ2q2VarX1 “ pσ1 ` σ2q2 “ vσ1 ` σ2w

¨ : pσ1, σ2q ÞÑ Varpσ2σ1X1q “ σ2
1σ

2
2 “ vσ1w vσ2w
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Semiring pG ,`, ¨q

Rescaling: performing 2 trafos in a row does not create additional
noise/uncertainty

Rescaling

ξ P G s.t. vξνw “ vξw vνw ν P G

Scale-invariance

Every ξ P G is a rescaling ñ G and its entropy are scale-invariant

G scale-invariant

xξ, ξy “ 0 ô vξw “ 0
xξν, ηνy “ vνw xξ, ηy
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Semiring & units

Motivation:

Physical units

3kg , 5m, . . .: pairs of scalar & unit connected by ’glueing’ together
formally: ¨ : G ˆ Gu Ñ? px , uq ÞÑ xu
G : semiring pG ,`, ¨q

Gu: group pGu, ¨q

Special case: G ˆ Gu Ă G ˆ G

Gu Ĺ G : standard notion of units

Gu “ Gzt0u: G semifield

Halfaxes in C
G “ R`

0

Gu “ texppkπ{4q : k “ 0, . . . 3u
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Units

Semiring pG ,`, ¨q, group pGu, ¨q

v¨w : Gu ÞÑ Czt0u s.t. vu1u2w “ vu1w vu2w u1, u2 P Gu

vxuw :“ vxw vuw x P G , u P Gu

Extension of entropy

ξu :̀ηu :“ pξ ` ηqu ξ, η P G , u P Gu

If extension to arbitrary ξu1 :̀ηu2 exists:

0

x1u1 :̀ x2u2
8

:“ vx1u1w ` vx2u2w ` xx2u2, x1u1y

xj P G , uj P Gu

Implying:

xx1u1, x2u1y “ vu1w xx1, x2y x1, x2 P G , u1 P Gu

Carmen Ditscheid joint work with Martin SchlatherScalar products on semi-vector spaces 18 / 27



Entropy: independent & dependent systems
Transformation of systems: scale invariance

References

xj P G , uj P Gu

Problem: xx1u, x2uy “ vuw xx1, x2y, desired: xx1u, x2uy “ xx1, x2y

Transfer semi-scalar product/entropy w.r.t. u1:

xx1u1, x2u2yu1 :“ xx1, x2u2u
´1
1 y

3

..
ÿ

j

xjuj

;

u1

:“

3

..
ÿ

j

xjuju
´1
1

;

Implying:

xx1u1, x2u2yu1 “ vu1w
´1

xx1u1, x2u2y
3

..
ÿ

j

xjuj

;

u1

“ vu1w
´1

3

..
ÿ

j

xjuj

;
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Extension to homogeneity

Until now: pre-Hilbert space H as a semigroup pH,`q

Motivation: introduce scalar multiplication, improve linearity
xx ` y , zy “ xx , zy ` xy , zy ñ xξ ` η, νya ` xξ, ηya “ xξ, η ` νya ` xη, νya

xλx , yy “ λxx , yy ñ?

Scalar multiplication as (some kind of) rescaling:

pre-Hilbert space H

}λx}2 “ |λ|2}x}2 x P H, λ P R
xλx , λyy “ |λ|2xx , yy

Compare: given a scale-invariant entropy on a semiring pG ,`, ¨q

vξνw “ vξw vνw

xξν, ηνy “ vνw xξ, ηy ξ, ν, η P G

vxw “ }x}2, x P H but vλw , λ R H is undefined
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Solution: Semi-vector spaces

Semifield pK ,`, ¨q

1 pK ,`q abelian semigroup with 0

2 pKzt0u, ¨q group with 1

3 left, right distributive law

Semi-vector space

semifield K , abelian monoid pV ,`q, scalar multiplication
¨ : K ˆ V Ñ V

1 left, right distributive law

2 associative law: pabqv “ apbvq

3 1v “ v , 1 P K a, b P K , v ,w P V
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Semi-inner product on semi-vector space V , K Ă R
1 v¨w : V ÞÑ R`

0 on pV ,`q

2 ¨ : K ˆ V ÞÑ V is scale invariant, i.e. vkvw “ ck vvw,
ck P R`

0 , k P K , v P V

Then:

xv ,wyb “ bpvv ` ww ´ vv ˝ wwq v ,w P V

b P Rzt0u s.t. xv , vyb ě 0 v P V

Properties

For ξ, ν, η P G , ε P G0:

xξ, ηy “ xη, ξy iff vξ ` ηw “ vη ` ξw

xε, εy “ 0

xξ ` η, νy ` xξ, ηy “ xξ, η ` νy ` xη, νy

xλv , λwy “ cλxv ,wy
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Gn: canonical semi-vector space over G

pG ,`, ¨q semifield: ` : Gn ˆ Gn Ñ Gn, ¨ : G ˆ Gn Ñ Gn

componentwise

a) Scale-invariant semiring pG ,`, ¨q & pG , ¨q is a group
b) Semiring pG ,`, ¨q with entropy & units Gu “ G with entropy

v¨wG : G Ñ R`
0 :

vξw “

n
ÿ

i

vξiwG

xξ, ηy “ bG pvξ ` ηw ´ vξ ˝ ηwq “

n
ÿ

i

xξi , ηiyG

with ξ “ pξ1, . . . , ξnq, η “ pη1, .., ηnq P Gn, defines entropy and
semi-inner product on Gn, respectively.

Carmen Ditscheid joint work with Martin SchlatherScalar products on semi-vector spaces 23 / 27



Entropy: independent & dependent systems
Transformation of systems: scale invariance

References

Possible Applications

Physical units

Gu partially ordered group, u ď v iff u´1v P N

Extension to complex-valued scalar products

ℜpxx , yyq “ p}x ` y}2 ´ }x}2 ´ }y}2q{2

Positive definiteness

One-sided deviation from Pythagorean theorem
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Open questions

Entropic uncertainty relations

Our theory may connect entropies and scalar products.

Extension of entropy to matrices

Recall:

ρpxqρpyq “ mpx , yqρpx ` yq

exppi vxwq exppi vywq “ exppixx , yyq exppi vx ` ywq
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Application to Extreme Value Statistics

Univariate maximum

G :“ r0,8q, ` :“ _, vξw :“ |ξ|α, α ą 0.

xξ, ηy “ ξα ` ηα ´ pξ _ ηqα “ pξ ^ ηqα

ρpξ, ηq “ pξ _ ηqα ´ pξ ^ ηqα

ρ is an ordinary metric.

Multivariate maximum

Gn:

xξ, νy “ }ξ}αα ` }ν}αα ´ }ξ _ ν}αα “

n
ÿ

i

pξi ^ ηi q
α

for ξ “ pξi , ..., ξnq, η “ pη1, ..., ηnq P Gn.
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