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Plan of the talk

@ Schatten-von Neumann classes

© Psecudo-differential operators  (¥DO)

© Modulation spaces

e Continuity of pseudo-differential operators

e Feichtinger's minimization property in the quasi-Banach case
@ Compositions of pseudo-differential operators

The talk is based on joint works with D. Bhimani, Y. Chen, E. Cordero, A. Holst,
and P. Wahlberg.
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Some papers

The talk is based on the following papers.
@ J. Toft Continuity properties for non-commutative convolution algebras with
applications in pseudo-differential calculus, Bull. Sci. Math. 126 (2002), 115-142.

@ A. Holst, J. Toft, P. Wahlberg Weyl product algebras and modulation spaces, J.
Funct. Anal. 251 (2007), 463-491.

@ E. Cordero, J. Toft, P. Wahlberg Sharp results for the Weyl product on modulation
spaces, J. Funct. Anal. 267 (2014), 3016-3057.

@ Y. Chen, J. Toft, P. Wahlberg The Weyl product on quasi-Banach modulation
spaces Bull. Math. Sci. 9 (2019), 1950018-1.

J. Toft Schatten properties, nuclearity and minimality of phase shift invariant
spaces, Appl. Comput. Harmon. Anal. 46 (2019), 154-176.

@ D. Bhimani, J. Toft Factorizations for quasi-Banach time-frequency spaces and
Schatten classes (Preprint), arXiv:2307.01590.
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Schatten classes

Let p € (0,00] and let T' : By — By, where B; are (quasi-)Banach spaces.

J. Toft Modulation spaces, harmonic analysis, ¥do Hannover, August 2024 4/22



Schatten classes

Let p € (0,00] and let T' : By — By, where B; are (quasi-)Banach
spaces, usually they are Hilbert spaces.
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Schatten classes

Let p € (0,00] and let T' : By — By, where B; are (quasi-)Banach spaces.
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Schatten classes

Let p € (0,00] and let T' : By — By, where B; are (quasi-)Banach spaces.
@ The singular value o;(7") of order j > 1 is defined by
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Schatten classes

Let p € (0,00] and let T' : By — By, where B; are (quasi-)Banach spaces.
@ The singular value o;(7") of order j > 1 is defined by
JJ(T) = inf HT - TOHBlﬁBzv
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Schatten classes

Let p € (0,00] and let T' : By — By, where B; are (quasi-)Banach spaces.
@ The singular value o;(7") of order j > 1 is defined by
OJ(T) = inf HT - TOHBlﬁBzv

The infimum should be taken over all Ty with rank at most j — 1.
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Schatten classes

Let p € (0,00] and let T' : By — By, where B; are (quasi-)Banach spaces.
@ The singular value o;(7") of order j > 1 is defined by
0j(T) = inf [T — To|| B~ Bo>
The infimum should be taken over all Ty with rank at most j — 1.

@ The Schatten class .%,(Bj, B) is the set of all T' : By — By such
that

IT1|.s,(B1,B2) = {5 ()} llew < 00
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Schatten classes

Let p € (0,00] and let T' : By — By, where B; are (quasi-)Banach spaces.
@ The singular value o;(7") of order j > 1 is defined by
0j(T) = inf [T — To|| B~ Bo>
The infimum should be taken over all Ty with rank at most j — 1.

@ The Schatten class .%,(Bj, B) is the set of all T' : By — By such

that
1Tz, (By,By) = {05 (T)}521 [ler < 0.

@ Important property:
1 1 1

Ipy (B2, B3) o S, (B, B2) € Sy (B1, Bs), — =—+ —.
Do D1 D2
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Schatten classes

Let p € (0,00] and let T' : By — By, where B; are (quasi-)Banach spaces.

@ The singular value o;(7") of order j > 1 is defined by
OJ(T) = inf HT - TOHBlﬁBzv
The infimum should be taken over all Ty with rank at most j — 1.

@ The Schatten class .%,(Bj, B) is the set of all T' : By — By such

that
1Tz, (By,By) = {05 (T)}521 [ler < 0.

@ Important property:
1 1 1

Ipy (B2, B3) o S, (B, B2) € Sy (B1, Bs), — =—+ —.
Do D1 D2

o We put .7, = .7,(L*(R%), L*(RY)).
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For the Schatten class .7,(B1, B»)

v
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For the Schatten class .7,(B1, B»)

increases with p increases with Bo
N\ v
fp( By ) By )
T

decreases with B;

V.
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For the Schatten class .7,(B1, B»)

increases with p increases with Bo
N\ v
jp( By ) By )
T

decreases with B;

Consequences: If
e psmall (p close to 0).
@ Bj is large.

@ By is small.

v

J. Toft Modulation spaces, harmonic analysis, ¥do Hannover, August 2024 5/22



For the Schatten class .7,(B1, B»)

increases with p increases with Bo
N\ v
jp( By ) By )
T

decreases with B;

Consequences: If
e psmall (p close to 0).
@ Bj is large.
@ By is small.

Then .7,(By, Bs) is small.

v
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For the Schatten class .7,(B1, B»)

increases with p increases with Bo
N\ v
fp( By ) By )
T

decreases with B;

Consequences: If
@ psmall (p close to 0). Let By = By = L?, p=1/100 and
@ B is large. T € .7, be self-adjoint.
@ B5 is small.

Then .7,(By, Bs) is small.

V.
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For the Schatten class .7,(B1, B»)

increases with p increases with Bo
N\ v
fp( By ) By )
T

decreases with B;

Consequences: If

e psmall (p close to 0). Let By = By = L% p=1/100 and
o B is large. T € .7, be self-adjoint.
@ By is small. Then T is compact and for its

Then .7, (B, By) is small. eigenvalues:  |);| < j7'%

V.

J. Toft Modulation spaces, harmonic analysis, ¥do Hannover, August 2024 5/22



Nuclear operators

Let %4 be a Banach space with dual %), % be a quasi-Banach space,
r € (0,1] and let T € B(%y, $B). Then T is called r-nuclear, if there are
{ej}521 € % and {e;}32, C & such that

T = Z]_ ej ®@e; and Z lles 115

Let A7 (A, B) be the set of r-nuclear operators, and

. oo s
1Tty i = nf (D e g el

Infimum is taken over all representatives {¢;}22; C % and {e;}32; C Z.

a/ |€J B < Q.

=
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Nuclear operators

Let %4 be a Banach space with dual %), % be a quasi-Banach space,
r € (0,1] and let T € B(%y, $B). Then T is called r-nuclear, if there are
{ej}521 € Hp and {e;}32, C % such that

o0 o
T = ijlej R Ej and Zj:l”gj

Let A7 (A, B) be the set of r-nuclear operators, and

. S r
1Tt o = nf (Dl g e )

Infimum is taken over all representatives {¢;}22; C % and {e;}32; C Z.

7;(/)H€j T < 0.

-

If 2y and % are Hilbert spaces, then A,.(By, B) = S.(Bo, B).
Otherwise this equality might fail to hold.
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Nuclear operators

Let %4 be a Banach space with dual %), % be a quasi-Banach space,
r € (0,1] and let T € B(%y, $B). Then T is called r-nuclear, if there are
{ej}521 € Hp and {e;}32, C % such that

o0 o
T = ijlej R Ej and Zj:l”gj

Let A7 (A, B) be the set of r-nuclear operators, and

. S r
1Tt o = nf (Dl g e )

Infimum is taken over all representatives {¢;}22; C % and {e;}32; C Z.

7;(/)H€j T < 0.

-

Ny (PBo, B) possess several similar properties as for Schatten-classes.
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Nuclear operators

Let %4 be a Banach space with dual %), % be a quasi-Banach space,
r € (0,1] and let T € B(%y, $B). Then T is called r-nuclear, if there are
{ej}521 € Hp and {e;}32, C % such that

o0 o
T = ijlej R Ej and Zj:l”gj

Let A7 (A, B) be the set of r-nuclear operators, and

. S r
1Tt o = nf (Dl g e )

Infimum is taken over all representatives {¢;}22; C % and {e;}32; C Z.

C(/)Hej T < 0.

-

Ny (PBo, B) possess several similar properties as for Schatten-classes.

For example, A;.(%y, #) increases with r and % and decreases with %.
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Nuclear operators

Let %4 be a Banach space with dual %), % be a quasi-Banach space,
r € (0,1] and let T € B(%y, $B). Then T is called r-nuclear, if there are
{ej}521 € Hp and {e;}32, C % such that
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Nuclear operators

Let %4 be a Banach space with dual %), % be a quasi-Banach space,
r € (0,1] and let T € B(%y, $B). Then T is called r-nuclear, if there are
{ej}521 € % and {e;}32, C & such that

T = Z]_ ej ®@e; and Z lles 115

Let A7 (A, B) be the set of r-nuclear operators, and

. o
1Tty i = nf (D e g el

Infimum is taken over all representatives {¢;}22; C % and {e;}32; C Z.

gz < 0.

g/ |€]

3=

Ny (PBo, B) possess several similar properties as for Schatten-classes.
If TEJ%(%(),%), Ty EB(%l,%o) and Tp EB(%,@Q),
then TooT oT; E%(%l,%g).
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Nuclear operators

Let %4 be a Banach space with dual %), % be a quasi-Banach space,
r € (0,1] and let T € B(%y, $B). Then T is called r-nuclear, if there are
{ej}521 € Hp and {e;}32, C % such that
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Nuclear operators

Let %4 be a Banach space with dual %), % be a quasi-Banach space,
r € (0,1] and let T € B(%y, $B). Then T is called r-nuclear, if there are
{ej}521 € Hp and {e;}32, C % such that

T = Z]_ ej ®@e; and Z lles 115

Let A7 (A, B) be the set of r-nuclear operators, and

. oo s
1Tty i = nf (D e g el

Infimum is taken over all representatives {¢;}22; C % and {e;}32; C Z.

gz < 0.

g/ |€]

=

Ny (PBo, B) possess several similar properties as for Schatten-classes.
It 77} are Hilbert spaces, then
N (A, H) = (S, ).
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Definition of YDO

Let A be a fixed real d x d matrix, a € .7/(R??). Then
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Definition of YDO

Let A be a fixed real d x d matrix, a € .7/(R??). Then
Opa(@)f(@) = 2m)~" [ ata = Alw =), 79 1) dyas.
for every f € .7 (R%).
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Definition of YDO
Let A be a fixed real d x d matrix, a € .&'(R>%). Then

Opa(@)f(@) = 2m)~" [ ata = Alw =), 79 1) dyas.
for every f € .#(R%).

Normal representation:  when A =0, i.e. a(x,D)= Opgy(a)
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Definition of YDO
Let A be a fixed real d x d matrix, a € .&'(R>%). Then

Opa(@)f(@) = 2m)~" [ ata = Alw =), 79 1) dyas.
for every f € .#(R%).

Normal representation:  when A =0, i.e. a(x,D)= Opgy(a)

Weyl quantization: ~when A =11, i.e. Op“(a)= Opy,(a).
2
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Definition of YDO

Let A be a fixed real d x d matrix, a € .7/(R??). Then
Opa(@)f(@) = 2m)~" [ ata = Alw =), 79 1) dyas.
for every f € .7 (R%).
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Definition of YDO
Let A be a fixed real d x d matrix, a € .&'(R>%). Then

Opa(@)f(@) = 2m)~" [ ata = Alw =), 79 1) dyas.
for every f € .#(R%).

The definition of Op 4(a) extends to any a € .#/(R??), and then
Opy(a) : Z(RY — " (RY)  (continuous).
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Definition of YDO

Let A be a fixed real d x d matrix, a € .7/(R??). Then

Opa(@)f(@) = 2m)~" [ ata = Alw =), 79 1) dyas.
for every f € .7 (R%).
The definition of Op 4(a) extends to any a € .#/(R??), and then
Opa(a) : Z(RY) — .7/ (R%) (continuous).

Kernel property: By Fourier inversion formula and Schwartz kernel
theorem, it follows that for any linear and continuous map 7" from .7 (R%)
to 7/ (R%) there is a unique a € ./ (R??) s.t. T = Opy(a).
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Definition of YDO

Let A be a fixed real d x d matrix, a € .7/(R??). Then

Opa(@)f(@) = 2m)~" [ ata = Alw =), 79 1) dyas.
for every f € .7 (R%).
The definition of Op 4(a) extends to any a € .#/(R??), and then

Opa(a) : Z(RY) — .7/ (R%) (continuous).

Kernel property: By Fourier inversion formula and Schwartz kernel
theorem, it follows that for any linear and continuous map 7" from .7 (R%)
to 7/ (R%) there is a unique a € ./ (R??) s.t. T = Opy(a).

We let
sap(R*) ={aec .7 (R*); Opala) € %}, lalls,, = 11Opa(a)lls.
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Definition of YDO

Let A be a fixed real d x d matrix, a € .7/(R??). Then

Opa(@)f(@) = 2m)~" [ ata = Alw =), 79 1) dyas.
for every f € .7 (R%).
The definition of Op 4(a) extends to any a € .#/(R??), and then

Opa(a) : Z(RY) — .7/ (R%) (continuous).

Kernel property: By Fourier inversion formula and Schwartz kernel
theorem, it follows that for any linear and continuous map 7" from .7 (R%)
to 7/ (R%) there is a unique a € ./ (R??) s.t. T = Opy(a).

We let
SA,p(RZd) ={ae. ' (R*); Opula) € £}, lallss, = Opala)llse-

If A= 51y ie the Weyl case, then we write 54, = s
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Definition of YDO

Let A be a fixed real d x d matrix, a € .7/(R??). Then

Opa(@)f(@) = 2m)~" [ ata = Alw =), 79 1) dyas.
for every f € .7 (R%).
The definition of Op 4(a) extends to any a € .#/(R??), and then

Opa(a) : Z(RY) — .7/ (R%) (continuous).

Kernel property: By Fourier inversion formula and Schwartz kernel
theorem, it follows that for any linear and continuous map 7" from .7 (R%)
to 7/ (R%) there is a unique a € ./ (R??) s.t. T = Opy(a).

We let
sap(R*) ={aec .7 (R*); Opala) € %}, lalls,, = 11Opa(a)lls.
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Definition of YDO

Let A be a fixed real d x d matrix, a € .7/(R??). Then

Opa(@)f(@) = 2m)~" [ ata = Alw =), 79 1) dyas.
for every f € .7 (R%).
The definition of Op 4(a) extends to any a € .#/(R??), and then

Opa(a) : Z(RY) — .7/ (R%) (continuous).

Kernel property: By Fourier inversion formula and Schwartz kernel
theorem, it follows that for any linear and continuous map 7" from .7 (R%)
to 7/ (R%) there is a unique a € ./ (R??) s.t. T = Opy(a).

We let
sap(R*) ={aec .7 (R*); Opala) € %}, lalls,, = 11Opa(a)lls.

By kernel property it follows that a — Op4(a) is an isometric bijection.
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Definition of YDO

Let A be a fixed real d x d matrix, a € .7/(R??). Then

Opa(@)f(@) = 2m)~" [ ata = Alw =), 79 1) dyas.
for every f € .7 (R%).
The definition of Op 4(a) extends to any a € .#/(R??), and then

Opa(a) : Z(RY) — .7/ (R%) (continuous).

Kernel property: By Fourier inversion formula and Schwartz kernel
theorem, it follows that for any linear and continuous map 7" from .7 (R%)
to 7/ (R%) there is a unique a € ./ (R??) s.t. T = Opy(a).

We let
sap(R*) ={aec .7 (R*); Opala) € %}, lalls,, = 11Opa(a)lls.
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Definition of YDO
Let A be a fixed real d x d matrix, a € .&'(R>%). Then

Opa(@)f(@) = 2m)~" [ ata = Alw =), 79 1) dyas.
for every f € .#(R%).

The definition of Op 4(a) extends to any a € .#/(R??), and then
Opy(a) : Z(RY — " (RY)  (continuous).

Kernel property: By Fourier inversion formula and Schwartz kernel
theorem, it follows that for any linear and continuous map 7" from .7 (R%)
to 7/ (R%) there is a unique a € ./ (R??) s.t. T = Opy(a).

We let
sap(R*) ={aec .7 (R*); Opala) € %}, lalls,, = 11Opa(a)lls.

Consequently, Schatten issues can be transfered from operators to
symbols.
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Concerning the Weyl quantization
Weyl quantization for o € .7/ (R??):

Op®(a) f(z) = (27)" //R

(z +y), e v f(y) dyde.

m\>—-

J. Toft Modulation spaces, harmonic analysis, ¥do Hannover, August 2024 8/22



Concerning the Weyl quantization

Weyl quantization for a € .7/ (R?%):

Op®(a) f(z) = (27)" //R

@ It is the only pseudo-differential calculus which can be used as
quantization because of symplectic invariance:

(z +y), e v f(y) dyde.

m\>—-
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Concerning the Weyl quantization

Weyl quantization for a € .7/ (R?%):

Op®(a) (27)" //R

@ It is the only pseudo-differential calculus which can be used as
quantization because of symplectic invariance: Let

U(Xv Y) = <y>£> - <$777>7 X = (:L',f) € R2d7 Y = (y777) € R*.

(Symplectic form.) If T : R?? — R2? is linear and symplectic, i.e.
o(TX,TY) = o(X,Y),

(z +y), e v f(y) dyde.

m\>—-
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Concerning the Weyl quantization

Weyl quantization for a € .7/ (R?%):

Op®(a) (27)" //R

@ It is the only pseudo-differential calculus which can be used as
quantization because of symplectic invariance: Let

o(X,Y) = (y,€) = (w.m), X =(2,6) €R™, Y = (y,n) € R
(Symplectic form.) If T : R?? — R?? is linear and symplectic, i.e.

o(TX,TY) =0(X,Y), then there is a unique unitary map U on
L*(RY) s.t.

(z +y), e v f(y) dyde.

m\>—-

Op“(a(T-)) =UoOp¥“(a) o U*
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Concerning the Weyl quantization

Weyl quantization for o € .7/ (R??):

Op®(a) (27)" //R

@ It is the only pseudo-differential calculus which can be used as
quantization because of symplectic invariance: Let

U(Xv Y) = <y>£> - <$777>7 X = (:L’,f) € R2d’ Y = (y777) € R*.

(Symplectic form.) If T : R?? — R?? is linear and symplectic, i.e.
o(TX,TY) =0(X,Y), then there is a unique unitary map U on
L*(RY) s.t.

(z +y), e v f(y) dyde.

m\>—-

Op“(a(T-)) =U o Op“(a) o U*
(U is also continuous on . (R9) and on .#/(RY)).
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Concerning the Weyl quantization
Weyl quantization for o € .7/ (R??):

Op®(a) f(z) = (27)" //R

(z +y), e v f(y) dyde.

m\>—-
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Concerning the Weyl quantization

Weyl quantization for a € .7/ (R?%):

Op®(a) (27)" //R

° We have |[|(Foa)lsy = lla(- = X)llsy = la(T-)llsp = llallsy-

(z +y), e v f(y) dyde.

m\>—-
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Concerning the Weyl quantization

Weyl quantization for a € .7/ (R?%):

Op®(a) (27)" //R

o We have |[[(F5a)|lsy = lla(- = X)llsw = lla(T-)llsp = llallsy. Here
Z5 is the symplectic Fourier transform:

(z +y), e v f(y) dyde.

m\>—-

Fea(X) =71 / a(Y)e? o (X5Y) gy,
RQri
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Concerning the Weyl quantization
Weyl quantization for a € .7/ (R?%):
0p"(@)1(@) = (20" [ alh- @+9). 0 (g) dyde.

Sympl. F. transf.: Foa(X) =77 [f2a a(Y)e* XY qy, o(X,Y) = (y,&) — (z,7).

o We have [(Z5a)llsy = la(- — X)ly = lla(T )|y = llallsy-
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Concerning the Weyl quantization
Weyl quantization for a € .7/ (R?%):
0p"(@)1(@) = (20" [ alh- @+9). 0 (g) dyde.
Sympl. F. transf.: Foa(X)=7"" [420a(Y)e Y)Y, o(X,Y) = (y,€) — (z,n).

o We have [(Z5a)llsy = la(- — X)ly = lla(T )|y = llallsy-
@ Rank-one Weyl operators and Wigner distributions:

Op“(a)f(z) = ((27)"% (f, 92)12) 91 (),

_d — 1
a=Wgy g(x,&) = (2m)" 2 /Rd g1(x — %y)QQ(g; 4 %y)e (¥,€) dy.
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Concerning the Weyl quantization

Weyl quantization for a € .7/ (R?%):

0p"(@)1(@) = (20" [ alh- @+9). 0 (g) dyde.
Sympl. F. transf.: Foa(X) =77 [.0a(Y)e 20XV gy, o(X,Y) = (y,&) — (z,7).

o We have [(Z5a)llsy = la(- — X)ly = lla(T )|y = llallsy-
@ Rank-one Weyl operators and Wigner distributions:

Op“(a)f(z) = ((27)"% (f, 92)12) 91 (),

_d — 1
a=Wgy g(x,&) = (2m)" 2 /Rd g1(x — %y)gQ(x 4 %y)e (¥,€) dy.

@ Spectral theorem for Weyl calculus: Suppose p < co. Then
a€ s, w(R2), iff

=S MWy, b o) €ON, A > At >0, () € P(Z,).
=1
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Concerning the Weyl quantization
Weyl quantization for a € .7/ (R?%):
0p"(@)1(@) = (20" [ alh- @+9). 0 (g) dyde.

Sympl. F. transf.: Foa(X) =77 [f2a a(Y)e* XY qy, o(X,Y) = (y,&) — (z,7).

o We have [(Z5a)llsy = la(- — X)ly = lla(T )|y = llallsy-
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Concerning the Weyl quantization
Weyl quantization for a € .7/ (R?%):

0p"(@)1(@) = (20" [ alh- @+9). 0 (g) dyde.

Sympl. F. transf.: Foa(X) =77 [f2a a(Y)e* XY qy, o(X,Y) = (y,&) — (z,7).

o We have [(Z5a)llsy = la(- — X)ly = lla(T )|y = llallsy-

@ Weyl product and twisted convolution: if

™

a *qg b(X) = (2)% /RM (I(X _ Y)b(y)e%J(X,Y) dy,
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Concerning the Weyl quantization
Weyl quantization for a € .7/ (R?%):
0p"(@)1(@) = (20" [ alh- @+9). 0 (g) dyde.
Sympl. F. transf.: Foa(X)=7"" [420a(Y)e Y)Y, o(X,Y) = (y,€) — (z,n).
® We have |[(Foa)llsw = lla(- — X)[sp = [[a(T)lsw = llallsy-

@ Weyl product and twisted convolution: if

d .
a*, b(X) = (2)? / a(X = Y)b(Y)e2XY) gy,
R2d
and a+#b is defined by Op"(a#b) = Op"(a) o Op"(b), then

a#th = (21) 2ake (Fod),  Folaked) = (Fya) kb = a*y (Fob).
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Convolution properties Schatten classes

sap(R*) ={a e 7" (R™); Opysa) € A}, llallsa, = 10pal@)]sy,

s4p(R*) 3 a— Opy(a) € .7, isometric bijection.
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Convolution properties Schatten classes

sap(R*) ={a e 7" (R™); Opysa) € A}, llallsa, = 10pal@)]sy,

s4p(R*) 3 a— Opy(a) € .7, isometric bijection.

The convolution results by Werner from 1984 can now be formulated as
follows.
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Convolution properties Schatten classes

sap(R*) ={a e 7" (R™); Opysa) € A}, llallsa, = 10pal@)]sy,

s4p(R*) 3 a— Opy(a) € .7, isometric bijection.

The convolution results by Werner from 1984 can now be formulated as
follows.

Here
(a*b)(X) = / a(X —Y)b(Y)dY, X =(z,¢)cR™
R2d

the usual convolution.
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Convolution properties Schatten classes

sap(R*) ={a e 7" (R™); Opysa) € A}, llallsa, = 10pal@)]sy,

s4p(R*) 3 a— Opy(a) € .7, isometric bijection.

The convolution results by Werner from 1984 can now be formulated as
follows.
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Convolution properties Schatten classes

sap(R*) ={ae 7" (R*); Opa(a) € A}, allsa, =l Opa(a)llsy

s4p(R*) 3 a— Opy(a) € .7, isometric bijection.

The convolution results by Werner from 1984 can now be formulated as
follows.

Prop. (Werner 1984 - present formulation T. 1996)

Suppose p; € [1,00], j =0, 1,2 satisfy p% + p% =1+ p%' Then

w P2 w w o w Po
Spy x [ C spy and Spy * Spy C LPo,
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Convolution properties Schatten classes

Ap(R* ={a "(R*)); Op4(a »}h o lallsa, =10pa(a)llsy,
sap(R)={ae S (R™); Opy(a) € %}, llalls,, =[O0pa(a)ll

s4p(R*) 3 a— Opy(a) € .7, isometric bijection.

Prop. (Werner 1984)

1 4, 1 1 w P2 w w w PO
Suppose Tt =1+ Then s, * LP2 C sy and s;,) * s, C LP0,
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Convolution properties Schatten classes

sap(R*) ={ae 7" (R*); Opa(a) € A}, allsa, =l Opa(a)llsy

s4p(R*) 3 a— Opy(a) € .7, isometric bijection.

Prop. (Werner 1984)

1 4, 1 1 w P2 w w w Do
Suppose Tt =1+ Then s, * LP2 C sy and s;,) * s, C LP0,

Extensions to other pseudo-differential calculi.

Suppose p; € [1,00], j =0,1,2, and A, B € R%*4 satisfy
pil—kp%:l—kpio and A+ B = 1;. Then

SAp * Pz C Sapy and  Sap, *SBp, © LPo,
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Convolution properties Schatten classes

Ap(R* ={a "(R*)); Op4(a »}h o lallsa, =10pa(a)llsy,
sap(R)={ae S (R™); Opy(a) € %}, llalls,, =[O0pa(a)ll

s4p(R*) 3 a— Opy(a) € .7, isometric bijection.

Prop. (Werner 1984)

1 4, 1 1 w P2 w w w PO
Suppose Tt =1+ Then s, * LP2 C sy and s;,) * s, C LP0,
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Convolution properties Schatten classes

Ap(R* ={a "(R*)); Op4(a »}h o lallsa, =10pa(a)llsy,
sap(R)={ae S (R™); Opy(a) € %}, llalls,, =[O0pa(a)ll

s4p(R*) 3 a— Opy(a) € .7, isometric bijection.

Prop. (Werner 1984)

1 4, 1 1 w P2 w w w PO
Suppose Tt =1+ Then s, * LP2 C sy and s;,) * s, C LP0,

Extensions to exponents smaller than 1. Here
WLPAURY) = { 5 || fllnzea < 00},

1 lamor = 11 1zo o) ezl oy - @ = 10,11%

Prop. (e.g. Bhimani, T. 2023)

Suppose p € (0,1]. Then  sa, * WLYP C 54,
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Convolution properties Schatten classes

Ap(R* ={a "(R*)); Op4(a »}h o lallsa, =10pa(a)llsy,
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s4p(R*) 3 a— Opy(a) € .7, isometric bijection.

Prop. (Werner 1984)
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Suppose Tt =1+ Then s, * LP2 C sy and s;,) * s, C LP0,
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Convolution properties Schatten classes

sap(R*) ={ae 7" (R*); Opa(a) € A}, allsa, =l Opa(a)llsy

s4p(R*) 3 a— Opy(a) € .7, isometric bijection.

Prop. (Werner 1984)

1 4, 1 1 w P2 w w w Do
Suppose o7 t o = 1+ e Then s, * LP2 C sy and s;,) * s, C LP0,

Another convolution/multiplication result.

Prop. (T. 1996)

Suppose pj € [1,00], t; € R\ 0, j =0,..., N satisfy
1 1 . N _
Tty = N -1+ 25 and let a; € s;;’j. Then the following is true:

Q if£if+-- £t} =1 then ag=ai(t1-) - -an(tn-) € s2;

@ if ;2 £t > =1,then ag=ai(t;-)= -+an(ty-) € sL.
Moreover, if Op“(a;) > 0 (as operator) for every j =1,..., N, then
Op“(aj) > 0.
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Some consequences

sy *x LT Csy, sy xsy CL",
a(s-)xb(t-)€s), a€sy, besy, %+é:1+%, *

Op“(a(s-)*b(t-)) >0 when Op®“(a) >0, Op™(b) > 0.
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Some consequences

sUxLICsY, s¥ws® C L,

a(s-)xb(t-) €s’, a€sy, besy, L4+i=1+1, (*)
Op“(a(s-)*b(t-)) >0 when Op“(a) >0, Op”(b) > 0.

e Toeplitz operators: Let ¢ € L*(R?) be fixed. Then define Tp,(a) by
(Tp¢(a)f, 9)L2(Rd) = (a(2-)Wre, ng¢>)L2(R2d)'
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Some consequences

SYxLIC s, sUasY C LT,
a(s-)xb(t-) €s’, a€sy, besy, L4+i=1+1, (*)
Op“(a(s-)*b(t-)) >0 when Op®“(a) >0, Op™(b) > 0.
e Toeplitz operators: Let ¢ € L*(R?) be fixed. Then define Tp,(a) by
(Tp¢(a)f, 9)L2(Rd) = (a(2-)Wre, ng¢>)L2(R2d)'
It can be shown that

Tp¢(a) =0pY(axu), u(X)= (277)7%W¢7¢(—X) € ﬂ S’ZL)U(RM).
p>0
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Some consequences

SYxLIC s, sUasY C LT,
a(s-)xb(t-) €s’, a€sy, besy, L4+i=1+1, (*)
Op“(a(s-)*b(t-)) >0 when Op®“(a) >0, Op™(b) > 0.
e Toeplitz operators: Let ¢ € L*(R?) be fixed. Then define Tp,(a) by
(Tp¢(a)f, 9)L2(Rd) = (a(2-)Wre, ng¢>)L2(R2d)'
It can be shown that

Tp¢(a) =0pY(axu), u(X)= (277)7%W¢7¢(—X) € ﬂ S’ZL)U(RM).
p>0

o (*) gives
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Some consequences

SYxLIC s, sUasY C LT,
a(s-)xb(t-) €s’, a€sy, besy, L4+i=1+1, (*)
Op“(a(s-)*b(t-)) >0 when Op®“(a) >0, Op™(b) > 0.
e Toeplitz operators: Let ¢ € L*(R?) be fixed. Then define Tp,(a) by
(Tp¢(a)f, 9)L2(Rd) = (a(2-)Wre, ng¢>)L2(R2d)'
It can be shown that

Tp¢(a) =0pY(axu), u(X)= (277)7%W¢7¢(—X) € ﬂ S’ZL)U(RM).
p>0

o (*) gives
o Tpy(a) € s, when a € LP;
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Some consequences

SYxLIC s, sUasY C LT,
a(s-)xb(t-) €s’, a€sy, besy, L4+i=1+1, (*)
Op“(a(s-)*b(t-)) >0 when Op®“(a) >0, Op™(b) > 0.
e Toeplitz operators: Let ¢ € L*(R?) be fixed. Then define Tp,(a) by
(Tp¢(a)f, 9)L2(Rd) = (a(2-)Wre, ng¢>)L2(R2d)'
It can be shown that

Tp¢(a) =0pY(axu), u(X)= (277)7%W¢7¢(—X) € ﬂ S’ZL)U(RM).
p>0

o (*) gives
o Tpy(a) € s, when a € LP;

o Tpyla(v2-)) € s, when a € s}
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Some consequences

sy *x LT Csy, sy xsy CL",
a(s-)xb(t-)€s), a€sy, besy, %+é:1+%, *
Op“(a(s-)*b(t-)) >0 when Op®“(a) >0, Op™(b) > 0.
e Toeplitz operators: Let ¢ € L*(R?) be fixed. Then define Tp,(a) by
(Tp¢(a)f, 9)L2(Rd) = (a(2- )Wf,qbv Wg7¢>)L2(R2d)'
It can be shown that
_d w
Tpy(a) = Op¥(axu), w(X) = (2r) s Wye(—X) € [ s2(R¥).
p>0
o (*) gives
o Tpy(a) € s, when a € LP;
o Tpyla(v2-)) € s, when a € s}
Moreover, Tp¢(a(\@~ )) > 0 when Op“(a) >0 as operators.
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Modulation spaces - Preparations
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Modulation spaces - Preparations

e Window function: ¢ € .#(R%)\ 0.
o Weight function: 0 < w € L (R2?9).

loc
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Modulation spaces - Preparations

e Window function: ¢ € .#(R%)\ 0.
o Weight function: 0 < w € L (R2?9).

loc
e Fourier Transform: (FT)
J© =71 =0m™ | Jwe e dy.

@ Short-Time Fourier Transform: (STFT)
Vof(x,8) =F(f o(- —x))(&)
= 2m) " | fy)ely — x)e W dy.
Rd
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The definition of modulation spaces
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The definition of modulation spaces

Let p,q € (0,00]. Recall that

Vo f(2,€) = (2m)~ %2 / ()3 — D w9 dy
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The definition of modulation spaces

Let p,q € (0,00]. Recall that

Vo f(2,€) = (2m)~ %2 / ()3 — D w9 dy

e fin Mg;‘;(Rd), iff

g = ([ (f ot opte o ar)™" ae) ™ < oo
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Weight functions

Let w,v > 0 on R? (or on R?9).
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Weight functions

Let w,v > 0 on R? (or on R?9).

@ w is called v-moderate if

w(z +y) S w(x)v(y).
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Weight functions

Let w,v > 0 on R? (or on R?9).

@ w is called v-moderate if

w(z +y) S w(x)v(y).

Z5(RY) is the set of all moderate functions on R,
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Weight functions

Let w,v > 0 on R? (or on R?9).

@ w is called v-moderate if
w(z +y) S w(@)v(y).

Z5(RY) is the set of all moderate functions on R,
o Z(RY) is the set of all functions on RY moderated by some

polynomials.

Staying in the usual distribution theory <= w € Z(R%).
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UDO with symbols in modulation spaces

An "average” result here is:
Thm1- T, 2017

Let p,q,p;,q; € (0,00, a € MP4(R??), ¢ < pa,q2 < p, and

Then Opy(a) : MP41(RY) — MP292(RY).
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UDO with symbols in modulation spaces

An "average” result here is:

Thm1l- T, 2017

Let p,q,p;,q; € (0,00, a € MP4(R??), ¢ < pa,q2 < p, and

11 1 1 1
PL P2 @1 @ p max(l,q)

Then Opy(a) : MP41(RY) — MP292(RY).

The case p, q,pj,q; > 1 was obtained already during 2003-2004 by
Grochenig-Heil and T.
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UDO with symbols in modulation spaces

An "average” result here is:

Thm1l- T, 2017

Let p,q,p;,q; € (0,00, a € MP4(R??), ¢ < pa,q2 < p, and

Then Opy(a) : MP41(RY) — MP292(RY).

The result holds for weighted modulation spaces as well.
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UDO with symbols in modulation spaces

An "average” result here is:
Thm1- T, 2017

Let p,q,p;,q; € (0,00, a € MP4(R??), ¢ < pa,q2 < p, and

Then Opy(a) : MP41(RY) — MP292(RY).
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UDO with symbols in modulation spaces

An "average” result here is:

Thm1l- T, 2017
Let p,q,p;,q; € (0,00, a € MP4(R??), ¢ < pa, g2 < p, and

Then Opy(a) : MP41(RY) — MP292(RY).

For suitable choices of p;, g; we obtain
Opy(a) : MPT — MPH
continuous, when a € M°>% ¢y € (0,1], p,q € [q0, 0]
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UDO with symbols in modulation spaces

An "average” result here is:

Thm1l- T, 2017

Let p,q,p;,q; € (0,00, a € MP4(R??), ¢ < pa,q2 < p, and

1 1 1 1 1 1

el R

PL P2 @1 @ p  max(1,q)

Then Opy(a) : MP41(RY) — MP292(RY).

For suitable choices of p;, g; we obtain
Opy(a) : MPT — MPH
continuous, when a € M°>% ¢y € (0,1], p,q € [q0, 0]
This gives Calderon-Valiancourt's theorem:
Opa(a): L?* - L* ac 58,0 C M,
Note that: M?2 = L? and ngo(RQd) ={a € C®MR*); 0% € L™ }.
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UDO with symbols in modulation spaces

An "average” result here is:
Thm1- T, 2017

Let p,q,p;,q; € (0,00, a € MP4(R??), ¢ < pa,q2 < p, and

Then Opy(a) : MP41(RY) — MP292(RY).
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UDO with symbols in modulation spaces

An "average” result here is:

Thm1l- T, 2017

Let p,q,p;,q; € (0,00, a € MP4(R??), ¢ < pa,q2 < p, and

Then Opy(a) : MP41(RY) — MP292(RY).

Improvement concerning conditions on p, ¢, pj,q; € [1,00] by
Cordero-Nicola (2018).
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UDO with symbols in modulation spaces

An "average” result here is:
Thm1- T, 2017

Let p,q,p;,q; € (0,00, a € MP4(R??), ¢ < pa,q2 < p, and

Then Opy(a) : MP41(RY) — MP292(RY).
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UDO with symbols in modulation spaces

An "average” result here is:

Thm1l- T, 2017
Let p,q,p;,q; € (0,00, a € MP4(R??), ¢ < pa, g2 < p, and

Then Opy(a) : MP41(RY) — MP292(RY).

General result containing all these cases as well as suitable Orlicz
modulation spaces are obtained by Gumber, Rana, T., Uster (2024).
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Schatten results

We have/had:
o Opy(a): L? — L? when a € M1 = M C sy o
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Schatten results

We have/had:
o Opy(a): L? — L? when a € M1 = M C sy o
@ Opy(a): L? — L? a Hilbert-Schmidt operator when a € M?? = L?
= M>? Csap9;
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Schatten results

We have/had:
o Opy(a): L? — L? when a € M1 = M C sy o
@ Opy(a): L? — L? a Hilbert-Schmidt operator when a € M?? = L?
= M?%*2C spo;
@ Opy(a): L? — L? a trace-class operator when a € Mt C L?
= MU - SALL-
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Schatten results

We have/had:
o Opy(a): L? — L? when a € M1 = M C sy o
@ Opy(a): L? — L? a Hilbert-Schmidt operator when a € M?? = L?
= M?%*2C spo;
@ Opy(a): L? — L? a trace-class operator when a € Mt C L?
= MU - SALL-
Interpolations of these results give:

Thm  Sjostrand 1994, Grochenig-Heil 1997, T. 2003

Let p, g1, q2 € (0,00] be such that ¢; < min(p,p’) and g2 < max(p,p’).
Then

MP#II g SA,p g Mpqu.
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Schatten results

We have/had:
o Opy(a): L? — L? when a € M1 = M C sy o
@ Opy(a): L? — L? a Hilbert-Schmidt operator when a € M?? = L?
= M>? Csap9;
@ Opy(a): L? — L? a trace-class operator when a € Mt C L?
= ]\41’1 - SALL-
Interpolations of these results give:

Thm  Sjostrand 1994, Grochenig-Heil 1997, T. 2003

Let p, g1, q2 € (0,00] be such that ¢; < min(p,p’) and g2 < max(p,p’).
Then

MP#II g SA,p g Mpqu.

Natural extensions to weighted spaces exist (e.g. by T. 2007-).
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Feichtinger's minimization property in the quasi-Banach
case
It says:
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Feichtinger's minimization property in the quasi-Banach
case
It says:

Let p € (0,1], Z C .'(R?) be a quasi-Banach space such that:
O |If +gllf < IIfI% + gl and [0 F(: =)z < |1 £ll:

@ A contains a Gabor atom of order p.
Then MP(RY) C 4.
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Feichtinger's minimization property in the quasi-Banach
case
It says:

Let p € (0,1], Z C .'(R?) be a quasi-Banach space such that:

O [If+alf <Iflf+lgllf; and [le2F( —2)lz < I fl2
@ A contains a Gabor atom of order p.
Then MP(RY) C 4.

When proving the theorem one consider non-uniform Gabor expansions
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Minimality of matrix classes

Let p € (0,1], J be an index set and UP(.J) be the set of all
J x J-matrices A = (a(j, k)); ke such that

1AIG, = > laG k)P < oc.
J.keJ
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Minimality of matrix classes

Let p € (0,1], J be an index set and UP(.J) be the set of all
J x J-matrices A = (a(j, k)); ket such that

1AIG, = > laG k)P < oc.
J.keJ

Let 4 be a quasi-Banach space of J x J-matrices such that
@ ||[A+BJl% < [lAl% + 1BII%:

Q Ajo ko = (85,o0k.ko)jkes € B, supj, xoes 1 4jo.k0llz < 0.

Then UP(J) C A.

J. Toft Modulation spaces, harmonic analysis, ¥do Hannover, August 2024 17 /22



Minimality of matrix classes

Let p € (0,1], J be an index set and UP(.J) be the set of all
J x J-matrices A = (a(j, k)); ket such that

1AIG, = > laG k)P < oc.
J.keJ

Let 4 be a quasi-Banach space of J x J-matrices such that
@ ||[A+BJl% < [lAl% + 1BII%:

Q Ajy ko = (65,00k ko )jkes € B, sup;o ke I14jo.k0ll < 00
Then UP(J) C A.
Proof:
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Minimality of matrix classes

Let p € (0,1], J be an index set and UP(.J) be the set of all
J x J-matrices A = (a(j, k)); ket such that

1AIG = D la(i, k)P < oo.

J.keJ

Let 4 be a quasi-Banach space of J x J-matrices such that
@ ||[A+BJl% < [lAl% + 1BII%:

Q Ajy ko = (65,00k ko )jkes € B, supj, xoes 1 40.k0
Then UP(J) C A.

Proof: By formal computations,

14l = |30, 0l M| <3 JaGBFIA,

C”Z R)[P = CPlIAllG,
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Applications - Schatten and nuclear results on modulation
spaces

Let p € (0,1] and a € MP(R??). Then
Opa(a) € Ap(M>¥(R?), MP(RY)).
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Applications - Schatten and nuclear results on modulation
spaces

Let p € (0,1] and a € MP(R??). Then
Opa(0) € H5(M®(R), MP(R)).

Observations:
Mp(M>™(RY), MP(R?))

C Mp(MA(R?), M*(RY)) N oo (M (R?), MP(RY)), M* = L.
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Applications - Schatten and nuclear results on modulation
spaces

Let p € (0,1] and a € MP(R??). Then
Opa(0) € H5(M®(R), MP(R)).

Observations:
Ap(M*(R?), MP(RY))
C Ap(MP(RY), MP(RY)) N I (M>(RY), MP(RY),  M* = L7,
Hence by Thm: MP C sy, 0<p<1L
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Applications - Schatten and nuclear results on modulation
spaces

Let p € (0,1] and a € MP(R??). Then
Opa(a) € Ap(M>¥(R?), MP(RY)).

J. Toft Modulation spaces, harmonic analysis, ¥do Hannover, August 2024 18 /22



Applications - Schatten and nuclear results on modulation

spaces

Thm

Let p € (0,1] and a € MP(R??). Then
Opa(0) € H5(M®(R), MP(R)).

Lemma

| \

Let p € (0,1] and let S and T be linear and continuous operators from
£2°(J) to £P(J). Then
18 4TI, oy < 117, ey + ITIP,. e

J. Toft Modulation spaces, harmonic analysis, ¥do Hannover, August 2024

18 /22



Applications - Schatten and nuclear results on modulation
spaces

Thm

Let p € (0,1] and a € MP(R??). Then
Opa(0) € H5(M®(R), MP(R)).

Lemma

| \

Let p € (0,1] and let S and T be linear and continuous operators from
£2°(J) to £P(J). Then
18 4TI, oy < 117, ey + ITIP,. e

Proof of Thm: It follows easily that

SUp 1A\l ag 00 (0,00 () < 00
]7
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Applications - Schatten and nuclear results on modulation
spaces

Thm

Let p € (0,1] and a € MP(R??). Then
Opa(0) € H5(M®(R), MP(R)).

| A,

Lemma
Let p € (0,1] and let S and T be linear and continuous operators from
£2°(J) to £P(J). Then

18 4TI, oy < 117, ey + ITIP,. e

Proof of Thm: It follows easily that

SUp 1A\l ag 00 (0,00 () < 00
]7

The minimality of UP(J) gives  UP(J) C A, (£>(J), ¢P(J)).
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Applications - Schatten and nuclear results on modulation
spaces

Thm

Let p € (0,1] and a € MP(R??). Then
Opa(0) € H5(M®(R), MP(R)).

Lemma

| A,

Let p € (0,1] and let S and T be linear and continuous operators from
£2°(J) to £P(J). Then
18 4TI, oy < 117, ey + ITIP,. e

Proof of Thm: It follows easily that

SUp A5 k|l gy (020 (1,0 (1)) < 00

]7
The minimality of UP(J) gives UP(J) C A,(£>(J),¢P(J)). The
theorem now follows by using Gabor analysis, which carry over the discrete

results to modulation space results.
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Applications - Schatten and nuclear results on modulation

spaces

Thm

Let p € (0,1] and a € MP(R??). Then
Opa(0) € H5(M®(R), MP(R)).

Lemma

| \

Let p € (0,1] and let S and T be linear and continuous operators from
£2°(J) to £P(J). Then
18 4TI, oy < 117, ey + ITIP,. e
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Applications - Schatten and nuclear results on modulation
spaces

Thm

Let p € (0,1] and a € MP(R??). Then
Opa(0) € H5(M®(R), MP(R)).

| \

Lemma
Let p € (0,1] and let S and T be linear and continuous operators from
£2°(J) to £P(J). Then

18 4TI, oy < 117, ey + ITIP,. e

J. Delgado, M. Ruzhansky and collaborators have obtained several related
results.
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Compositions of Wdo

Recall:
° 5870(R2d) is the set of all a € C*°(R??) such that

9% € L®°(R?), V.

@ a#b is defined by
Op®(a#b) = Op“(a) o Op*(b)
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Compositions of Wdo

Op"(a#b) = Op"“(a) o Op"'(b)
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Compositions of Wdo

Op"(a#b) = Op"“(a) o Op"'(b)

o From classical theory of ¥DO: 5§ (#50, = S0
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Compositions of Wdo

Op"(a#b) = Op"“(a) o Op"'(b)

o From classical theory of ¥DO: 5§ (#50, = S0
o Sjéstrand 1994: 5§ C Mo, MO lgMOot = Moot
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Compositions of Wdo

Op"(a#b) = Op"“(a) o Op"'(b)

o From classical theory of ¥DO: 5§ (#50, = S0
o Sjéstrand 1994: 5§ C Mo, MO lgMOot = Moot
o Labate 2001: If p € [1,2], then

MEP #MEP) = MPP  wy(2,€) = (1+ [2] + €))7, v > 0.
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Compositions of Wdo

Op"(a#b) = Op"“(a) o Op"'(b)

o From classical theory of ¥DO: 5§ (#50, = S0
o Sjéstrand 1994: 5§ C Mo, MO lgMOot = Moot
o Labate 2001: If p € [1,2], then
MEP#MED = MET, wr(@,€) = (1+ 2| + €))7, r > 0.

o Gréchenig 2006: M(O:)vl#Mf;J = M(Ovjvl, v submultiplicative.
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Compositions of Wdo - extensions

Op" (a#b) = Op“(a) o Op™(b), R(u) = ZU]' —1, u= (uo,ur,uz2) € 0,1

=0
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Compositions of Wdo - extensions

Op" (a#b) = Op“(a) o Op"(b), R(u) = Zuj —1, u= (uo,ur,uz2) € 0,1

Let w; € &2 "be suitable,” and assume

R(;)=R(z), a,a2<q, O0<R(z)< -+

plﬂl p27q2 poaQo
Then  MPVTHMPE C MDD,
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Compositions of Wdo - extensions

Op" (a#b) = Op“(a) o Op™(b), R(u) = Zuj —1, u= (uo,ur,uz2) € 0,1

Let w; € &2 "be suitable,” and assume

RG;)=R(3), a,a2<4q, O0<R(5)<

111 1
p;’ a;’ py’ a)

P17Q1 ;D27Q2 p,q
Then  MPLOMP2 e C MO

Thm 1 essentially contains all previous composition results.

J. Toft Modulation spaces, harmonic analysis, ¥do Hannover, August 2024 20/22



Compositions of Wdo - extensions

Op" (a#b) = Op“(a) o Op™(b), R(u) = ZU]' —1, u= (uo,ur,uz2) € 0,1

=0
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Compositions of Wdo - extensions

Op" (a#b) = Op“(a) o Op"(b), R(u) = Zuj —1, u= (uo,ur,uz2) € 0,1

Let w; € &g "be suitable,” and assume
max (R( 7)) O) < min (%,L,R(l)).

7=0,1,2

P 7QI p27q2 poa‘]o
Then M #M M(l/wo)
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Compositions of Wdo - extensions

Op" (a#b) = Op“(a) o Op™(b), R(u) = Zuj —1, u= (uo,ur,uz2) € 0,1

Let w; € &g "be suitable,” and assume
max (R( > ), O) < min (%,L,R(l)).

7=0,1,2

P1 7QI p27q2 poa‘]o
Then M #M M(l/wo)

The proofs of Thm 1 and Thm 2 are based on the formula

Vo (ab)(X,Y) = 774 / I (XY + 2, Z2) Vyb(X+Z,Y — Z) dZ,
R2d

which follows by some Fourier analysis.
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Compositions of Wdo - extensions

Op" (a#b) = Op“(a) o Op™(b), R(u) = Zuj —1, u= (uo,ur,uz2) € 0,1

Let w; € &g "be suitable,” and assume
max (R( > ), O) < min (%,L,R(l)).

7=0,1,2

P1 7QI p27q2 poa‘]o
Then M #M M(l/wo)

The proofs of Thm 1 and Thm 2 are based on the formula

Vo (ab)(X,Y) = 774 / I (XY + 2, Z2) Vyb(X+Z,Y — Z) dZ,
R2d

which follows by some Fourier analysis.
Here symplectic STFT are used (also in definition of modulation spaces).
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Compositions of Wdo - extensions

Op" (a#b) = Op“(a) o Op"(b), R(u) = Zuj —1, u= (uo,ur,uz2) € 0,1

Let w; € &g "be suitable,” and assume
max (R( 7)) O) < min (%,L,R(l)).

7=0,1,2

P 7QI p27q2 poa‘]o
Then M #M M(l/wo)
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Compositions of Wdo - extensions

Op" (a#b) = Op“(a) o Op™(b), R(u) = Zuj —1, u= (uo,ur,uz2) € 0,1

Let w; € &g "be suitable,” and assume
max (R( > ), O) < min (%,L,R(l)).

7=0,1,2

P1 7QI p27q2 poa‘]o
Then M #M M(l/wo)

Thm 2 is essentially sharp, and contains Thm 1 and all other results
presented so far.
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Compositions of Wdo - extensions

Thm 2 (Cordero, T., Wahlberg 2014)

Let w; € &g "be suitable,” and assume
max (R(%),O) < min (i R(l)).

Ty T
§=0,1,2 \Pi’ 4;’

Jun

D1,q1 D2,q2 P04
Then M(wl) #M(w2) QM(lo/w%).
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Compositions of Wdo - extensions

Thm 2 (Cordero, T., Wahlberg 2014)

Let w; € &g be suitable, and assume
max <R( =) O) < min <i,i R(i))
J

7=0,1,2

P1,91 P2,q92 P04
Then M(wl) #M(WQ) CM(lo/w%)

A

Thm 1 (Holst, T., Wahlberg 2007)

Let w; € & be suitable, and assume

RG;)=R(3), a,a<4q, O0<R(y)<

[~
[~
[~
IA
—_
|
X
Pag
Q|
g
<
Il
\'}—‘
o

Q
]

o~
Q

o~

1
p;’ q;’

9 9 p?q
Then Mplql#Mqu2 M(lo/w%).
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Comparisons between the results

(Thm2) | (Thm 1) (Thm 2) (Thm 1)
MP191 F£\MP2 a2 MP0-90 MP090 || MP1.a1ffNP2.az MP0 90 MP0 90
M1,1#Ml,1 Ml _ Ml,l#Ml,z M2 _
VAR VAR Mt — M2t JYESE —
VAR SVE M2 — M2 Moo —
MPaFE a0 MPa MPa MU HENeo2 M2 M2
JYRREE SV Moo Moo M22H N2 M22, e | M2 phee
Mb2Eart2 M2 — M2 a2t M2 —
M2 p2:2 M2:2 pplioo — JVRIRE -V Ml ML
M21HEplee Moo — M21FEM2T M1 M1
MQ,l#MQ,z M2 M2 Mz,l#M2,oc Ml Ml
M2 1 ppo002 M2:2 M2:2 M2 o000 M2 M2®
M2 2 o002 M2 M2 Moo 202 MO0 MOo°
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Thank you for your attention!
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